Relative integral bases over a Hilbert class field  by Soverchia, Elena
www.academicpress.com
Journal of Number Theory 97 (2002) 199–203
Relative integral bases over a Hilbert
class ﬁeld
Elena Soverchia
IBM Italia Spa, via Sciangai 53, 00144 Roma, Italy
Received 6 September 1999; revised 4 February 2002
Communicated by David Goss
Abstract
Let K be a number ﬁeld, H its Hilbert class ﬁeld and L a Galois extension of K
containing H: In this paper, we prove that LjH has a relative integral basis (RIB) if
the order of G ¼ GalðLjHÞ is odd or if the 2-Sylow subgroups of G are not cyclic. If
the order of G is even and the 2-Sylow subgroups are cyclic we reduce the problem of
the existence of a RIB to a quadratic extension of H:
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1. Introduction
Let EjF be an extension of number ﬁelds and RE , RF the rings of integers
of E and F : We say that RE has a relative integral basis (RIB) over RF if RE
is free as RF -module. If RE has a RIB over RF then the relative discriminant
dðEjF Þ of the extension EjF is a principal ideal. In general this condition is
not sufﬁcient to guarantee the existence of a RIB.
In fact in [1] Artin proves the following Proposition:
Proposition 1.1. There exists a non-zero fractional ideal B in F satisfying the
equation
dðEjF Þ ¼WB2;
E-mail address: elena soverchia@it.ibm.com.
0022-314X/02/$ - see front matter r 2002 Elsevier Science (USA). All rights reserved.
PII: S 0 0 2 2 - 3 1 4 X ( 0 2 ) 0 0 0 0 9 - 4
whereW is the discriminant of a field basis of EjF : Moreover, EjF has a RIB
if and only if B is principal.
From the above proposition it can be easily deduced that EjF has always
a RIB when the class number hF of the ﬁeld F is equal to 1. When hF is odd
the condition ‘‘dðEjF Þ principal’’ becomes sufﬁcient to guarantee the
existence of a RIB. In fact in [2] Fr +ohlich proves that a ﬁeld F has odd class
number if and only if every ﬁnite extension E of F whose relative
discriminant is a principal ideal admits a RIB.
In this paper we consider a ﬁeld K ; its Hilbert class ﬁeld H and a Galois
extension L of K containing H: We prove (Lemma 2.1) that the relative
discriminant of LjH is always a principal ideal, and so, by Fr+ohlich’s result,
LjH has a RIB when H has odd class number. What happens when H has even
class number? Which are the obstructions for a ﬁeld L in order to have a RIB?
We will prove in Section 2 that the ﬁrst obstruction is given by the
2-Sylow subgroups of the Galois group G ¼ GalðLjHÞ and the second by the
discriminant ﬁeld M ¼ Hð
ﬃﬃﬃﬃﬃ
W
p
Þ; whereW is the discriminant of a ﬁeld basis
of LjH :
In fact we prove the following Theorem:
Theorem 1.1. Let LjK be a Galois extension with L*H : If H has odd class
number then LjH has a RIB. When H has even class number we have:
(a) If the order of G is even and the 2-Sylow subgroups of G are cyclic then
LjH has a RIB if and only if M jH has a RIB.
(b) If the order of G is odd or the 2-Sylow subgroups of G are not cyclic
then LjH has a RIB.
2. Relative integral basis
In order to prove the main theorem we need some lemmas. We recall the
following well known fact which will be used in the proofs of Lemma 2.1
and in Theorem 1.1.
Fact 2.1. Let H jK be the Hilbert class field of K : Then, any ideal of H stable
by the action of GalðH jKÞ is principal.
Lemma 2.1. Let E be a Galois extension of K with E*H : Then the relative
discriminant dðEjHÞ is a principal ideal of RH :
Proof. From the deﬁnition of relative discriminant and different we have
that dðEjHÞ is invariant under the action of GalðH jKÞ: Hence, by Fact 2.1,
dðEjHÞ is a principal ideal of RH : &
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Lemma 2.2. The order of G is odd or the 2-Sylow subgroups of G are not
cyclic if and only if WAH2:
Proof. The discriminant of a basis faig of the extension LjH is
W ¼ DetðsiajÞ
2;
where siAG: Suppose that the 2-Sylow subgroups are not cyclic or the
order of G is odd. In order to prove thatW is in H2 it is sufﬁcient to show
that
DetðsiajÞ
g1 ¼ 1; 8gAG:
We know that
DetðsiajÞ
g1 ¼ Det rðgÞ;
where r is the regular representation of G:
Let jGj ¼ n ¼ 2kd; d odd, and g be an element in G of order 2ad1; d1 odd.
Then rðgÞ acts on the elements of the basis as a permutation without ﬁxed
points. Hence
rðgÞ ¼ C1yCs;
where Ci is a cyclic permutation of 2
ad1 elements and s ¼ 2
kd
2ad1
¼ 2ðkaÞ d
d1
:
Then we have:
(i) if the order of G is even and the 2-Sylow subgroups are not cyclic
Det rðgÞ ¼ ð1Þ2
ðkaÞ d
d1 ¼ 1
because k > aX0;
(ii) if the order of G is odd
Det rðgÞ ¼ ð1Þ
d
d1 ¼ 1:
Suppose now that W is in H2: This implies that DetðsiajÞ is in H : If the
order of G were even and the 2-Sylow subgroups were cyclic then there
would exist g in G with order 2k: Then
1 ¼ DetðsiajÞ
g1 ¼ Det rðgÞ ¼ ð1Þd ¼ 1
and this is absurd. &
We observe that the ﬁeld M does not depend on the choice of the base of
LjH; indeed changing the basis modiﬁesW by a square of H: Moreover, by
the previous Lemma, M is equal to H when the order of G is odd or the 2-
Sylow subgroups are not cyclic. We need the following Lemma in order to
apply Lemma 2.1 to the extension M when the 2-Sylow subgroup are cyclic.
Moreover the Lemma shows that M satisﬁes the hypothesis of Theorem 1.1
and this enables us to reduce, in this case, the RIB problem to a quadratic
extension of H:
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Lemma 2.3. The extension M jK is Galois and contained in L:
Proof. From the deﬁnition M is contained in L: Let
G ¼ GalðLjHÞ ¼ fsi; i : 1;y; jGjg:
Since there exists a such that L ¼ HðaÞ; there exists aAHn such that:
W ¼ a2WðaÞ
with
WðaÞ ¼ detðsiðajÞÞ
2:
Let gAGalðLjKÞ; we get
gðWðaÞÞ ¼ detðgsig1ðgðaÞ
jÞÞ2:
Since L ¼ HðgðaÞÞ and G is a normal subgroup of GalðLjKÞ we have
G ¼ fsi; i : 1;y; jGjg ¼ fgsig1; i : 1;y; jGjg
and therefore
gðWðaÞÞ ¼WðgðaÞÞ ¼ b2gWðaÞ
with bgAHn: We then proved that there exists cgAHn such that
gðWÞ ¼ c2gW:
Hence Hð
ﬃﬃﬃﬃﬃ
W
p
ÞjK is normal. &
With the notations of Lemmas 2.2 and 2.3, we can now prove
Theorem 1.1:
Proof. We observe that %W ¼ 4W is the discriminant of a basis of M jH : Let
B and D be two fractional ideals in H such that
dðLjHÞ ¼WB2 and dðM jHÞ ¼ 4WD2: ð1Þ
In order to prove (a) it is sufﬁcient to show that in the ideal class group
ClðRH Þ we have ½B
 ¼ ½D
: Using (1) we get
ðB=DÞ2 ¼ 4dðLjHÞdðM jHÞ1: ð2Þ
Hence, by Lemmas 2.1 and 2.3, B=D is invariant under the action of
GalðH jKÞ and so ½B
 ¼ ½D
:
Now we have to prove (b).
By Lemma 2.1 dðLjHÞ is a principal ideal in RH ; and, by Lemma 2.2,W is
a square in H if and only if the 2-Sylow subgroups of G are not cyclic or the
order of G is odd. Hence we see from (1) that
dðLjHÞ1=2 ¼ BW1=2
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is an ideal in H : This is invariant under the action of GðH jKÞ by Lemma 2.1.
Hence B is a principal ideal by Fact 2.1. By Artin’s theorem this proves that
LjH has a RIB. &
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